In this paper, we propose an inventory model where items are inspected through multiple screening processes before delivery to customers. Each screening process has independent screening rate and defective percentage. Defective items screened out are stored and then returned to supplier. Shortage backordering are also allowed in the model. Two approaches are used to obtain the closed-form optimal order size and the maximum backordering quantity. Numerical examples are also provided to demonstrate the use of the model.
Introduction
When a batch of items arrives from supplier, imperfect quality items do exist in the batch. Therefore, screening processes are required before the items are delivered to customers. Salameh & Jaber (2000) first extended the classical economic order quantity (EOQ) model by integrating a screening process for imperfect quality items into the model. Since then many researchers proposed extensions to the model developed by Salameh & Jaber (2000) . Goyal & Cárdenas-Barrón (2002) proposed an approximation to the model by simplifying the expected revenue and expected cost per unit time. Maddah & Jaber (2008) pointed out a flaw in Salameh & Jaber (2000) and reformulated the model using the renewal reward theorem. Wahab & Jaber (2010) considered the case when there are different holding costs for the imperfect quality and screened items. Other extensions of this original model can be found in the review paper by Khan et al. (2011) .
One natural extension to an EOQ model is to consider shortage situation. Wee et al. (2007) developed an inventory model for items with imperfect quality and shortage backordering. Chang & Ho (2010) then revisited their study and provided closed-form solutions using the renewal reward theorem. However, in both works they assumed that the items satisfying the backorder are delivered without any screening process. Hsu & Hsu (2012) then proposed a model which items are first screened before delivery to customers. In this paper, we aim at providing a general version of the work of Hsu & Hsu (2012) by considering multiple screening processes and shortage backordering.
Suppose that after the replenishment of items arrives from the supplier, the items have to go through n screening tests before delivering to customers. Denote by S i the type i screening process and by x i the corresponding screening rate of S i . Without loss of generality, we suppose
Let p i be the proportion of items in the lot that can not pass S i . Here we assume that all p i are independent of each others in the sense that whether an item can pass S i does not depend on the result of other screening processes. Since for any i < j, S i will finish before S j , the proportion of items in y that is screened out after S i is
Then the total proportion of items in y that are classified as defective is given by
The items go through screening processes one by one. Here we assume that the defective items are evenly distributed in the lot. Hence, the screening time for the S i can be modeled as y/x i . The screening processes are illustrated in Figure 1 . In Figure 1 , the arrows represent the screening rates and the lines represent the items undergoing the corresponding screening process. The remainder of the paper is organized as follows. In Section 2, we present the mathematical model for the problem and derive the expected profit per unit time using the renewal reward theorem. In Section 3, we obtain the optimal order size and the maximum backordering quantity with an analysis of the model. We then give numerical examples to demonstrate the use of our model in Section 4. Finally, concluding remarks are given in Section 5 to conclude the paper and address further research issues.
Mathematical model
In this section, we first give the notations and assumptions used in the development of the model. Some of the notations and assumptions were also used in Hsu & Hsu (2012) and Wee et al. (2007) . Notations:
y the order size, D the demand rate, n number of screening processes in a cycle,7. Shortage is completely backordered.
8. A single product is considered.
The inventory level in a replenishment cycle is illustrated in Figure 2 . At the beginning of the replenishment cycle, all screening processes proceed simultaneously. Therefore, the rate of items to complete all the screening processes depends only on the lowest screening process rate x n . After completing all the screening processes, the items were first shipped to satisfy the demands. Hence, the inventory level decreases at a rate of (1 − ρ)x n . The remaining items are then used to clear the outstanding backorders. Hence, the backordering quantity decreases at a rate of (1−ρ)x n −D. The screening time for S i is y/x i . After the screening process S i , the defective items (ρ i y units) are transferred to another inventory warehouse. The inventory level of defective items is illustrated in Figure 3 . The aim of this paper is to develop a mathematical model such that the optimal order size and the maximum backordering quantity can be obtained. We first give the length of time intervals in our model.
Denote by T R(y) and T C(y, B) the total revenue and the total cost per cycle respectively. T R(y) is the sum of the total sales of good quality items and the amount received from the supplier for the return of the imperfect quality items. One has
T C(y, B) consists of the following costs:
(i) The purchasing cost: cy;
(ii) The screening cost:
(iii) The holding cost for good quality items:
(iv) The holding cost for defective items:
(v) The shortage cost:
(vi) The ordering cost: K.
For notational convenience, let
, which depend on ρ only. Let
which depends on ρ, D and x n . Let
which depends on ρ i , x i (i = 1, . . . , n) and
Then the expected net profit per cycle is given by ET P (y, B)
and the expected replenishment cycle length
By the renewal reward theorem, the expected profit per unit time is
Our aim is to find the optimal order size y and the maximum backordering quality B such that the expected profit per unit time ET P U(y, B) is maximized. Since the first three terms in (1) are independent of B and y, the optimization problem reduces to minimizing f (y, B) which is given by
3 Analysis
In this section, we present two different approaches to minimize f (y, B) in (2).
Approach 1
We use an approach similar to Chang & Ho (2010) here. Notice that (2) can be rewritten as
Hence, for any fixed y, f (y, B) is minimized when
Hence the problem reduces to minimizing
Applying the AM-GM inequality gives
The equality holds when
which means f (y) is minimized when
From (4), we have
Hence the minimum value of f (y, B) is
and the maximum expected profit per unit time is
Approach 2 Differentiating f (y, B) in (2) with respect to B and y respectively give
2y 2 . The second order partial derivatives are
Since we assume that ρ < 1 − D/x n , we have ∂ 2 f ∂B 2 > 0 and
This implies that f (y, B) is strictly convex for positive B and y. Hence the unique global minimum for positive B and y can be obtained by solving ∂f ∂B = 0 and ∂f ∂y = 0, which gives the same results as in (6) and (7). Based on the results above, we then present some special case analyses.
(i) From (8), the defective items are with salvage value vDP 4 and the holding cost for the defective items is 2P 3 KDh d (P 2 − A 1 D). Hence there will be no benefit to store the defective items if
(ii) If the supplier does not accept returns, i.e. v = 0, then there is no storage for the defective items (h d = 0). The unit selling price should be higher than
so that positive profit can be guaranteed, i.e. ET P U * > 0.
We remark that in the literatures mentioned below, the defective items are not stored for return. Hence we consider h d = 0 in the following cases for comparison.
(iii) When n = 1, the proposed model reduces to the one presented in Hsu & Hsu (2012) , with
and
We remark that the above expressions are simpler than those obtained in Hsu & Hsu (2012) . As stated in Hsu & Hsu (2012) , if the defective percentage p 1 follows uniform distribution with probability density function
In what follows, we give an analysis which is absent in Hsu & Hsu (2012) . The equations (9) and (10) can be reduced to
For the case when β is small, by the Taylor series expansion, we can use the approximation
By neglecting the terms with β 2 , we can further reduce (9) and (10) to
and Finally, if all products are of good quality, which means the screening rate can be set as
1. Hence y * reduces to the classical EOQ with shortages.
(iv) When b → ∞, i.e. no shortages are allowed, then
which is a generalization of the result obtained in Maddah & Jaber (2008) .
Numerical examples
In this section, we present some numerical examples to demonstrate the use of our model. We apply the following parameters which are also used in Hsu & Hsu (2012) and Wee et al. (2007) . Demand rate, D = 50,000 units/year, Ordering cost, K = 100/cycle, Holding cost, h = $5/unit/year, Purchasing cost, c = $25/unit, Backordering cost, b = $10/unit/year, Selling price of good quality items, s = $50/unit, The salvage value of defective items, v = $20/unit. Suppose that there are seven types of screening processes, S i (i = 1, . . . , 7). The corresponding defective percentage, p i (i = 1, . . . , 7), are assumed to be uniformly distributed with respective pdf
The parameter β i , the screening rate x i and the screening cost d i for the screening process S i (i = 1, . . . , 7) are given in Table 1 . The optimal y * and B * from (6) and (7) Table 2 : Numerical results for the screening processes S i (i = 1, . . . , 7).
and the corresponding expected profit per unit time for each of the screening process are given in Table 2 . We also give the approximated y * 1 and B * 1 from (13) and (14) to demonstrate the effectiveness of the approximations. The results show that the approximations are good as the errors of the expected profit per unit time are all less than 0.01%. The results of S 1 , S 2 and S 3 show that when β increases, y * increases but B * and ET P U * decreases. The results of S 2 and S 5 show that when x increases, all y * , B * and ET P U * increases. The results of S 3 and S 7 show that when both β and d increase, both y * and B * increase but ET P U * decreases. We then provide the results for different combinations of the screening processes. First we consider the case when there are two screening processes in the cycle. The results are given in Table 3 . We then compare these results with those in Table 2 . We remark that for the case of two screening processes, the optimal order size y * is between those in the cases of one screening process. However, when there are two screening processes in the cycle the maximum backordering quantity B * is less than both B * in the cases of one screening process. Next we consider the case when there are three screening processes in the cycle. The results are given in Table 4 . We observe that, for example in the case of S 1 + S 4 + S 6 , the optimal order size y * is between those in the cases of S 1 + S 4 and S 4 + S 6 ; and it is also close to that of S 6 , which has smallest x i among S 1 , S 4 and S 6 . The maximum backordering quantity B * is less than those in the cases of S 1 + S 4 and S 4 + S 6 ; and it is also close to that of S 6 , which has smallest x i among S 1 , S 4 and S 6 . We remark that similar patterns can also be observed in other cases.
Concluding Remarks
In this paper, an inventory model for items with imperfect quality are developed. The items are inspected through multiple screening processes and shortage are backordered. The optimal order size and maximum backordering quantity are obtained by two approaches. We then provide an analysis of the model. Numerical examples are also provided to demonstrate the use of the proposed model. The current study Table 4 : Numerical results for different combinations of the screening processes (n = 3).
can be extended in several ways. In this study, all screening processes are of 100% accurancy. The screening rates are also assumed to be greater than the demand rate. These assumptions may be relaxed in future research. Another direction is to consider stochastic demand rates. 
